Abstract. Uniqueness of Gibbs states and decay properties of averaged, two point correlation functions are proved for many-body potentials in continuum statistical mechanical models via Dobrushin uniqueness techniques.
Introduction
Gross [6] , using Dobrushin uniqueness techniques [1] , has given decay rates for two point correlation functions in classical lattice models at high temperature or low activity. This paper extends those techniques to the continuum case and gives sufficient conditions on physically reasonable continuum potentials for the analogous results to hold along with uniqueness of Gibbs states. The models studied here are based on the same measurable space used by Preston [12] and Ruelle [14] in their studies of Gibbs states. Our results rest on the assumption that the set of Gibbs states for the models we consider is non-empty at high temperature. This has been shown to be true in the case of pair potentials by Ruelle [14] .
Section 2 of the paper extends the results of Gross [6] to the continuum case with necessary added hypotheses. Section 3 gives conditions on potentials for these hypotheses to be satisfied.
Section 1. Notations and Definitions
Let A be a bounded Borel set in lR . We take (X(Λ), B Λ ) to denote the measurable space of configurations of particles in A described in Preston [12] , and X N (Λ) denotes the configurations of cardinality N in Λ. Let Ω be the set of locally finite subsets of lR . We will let Ω F C Ω denote the subsets of finite cardinality in Ω and |s| denote the cardinality of seΩ F . S is the σ-algebra on Ω generated by sets of the form {seΩ:\snB\ = m}, where B runs over bounded Borel sets of lR d and m runs over the set of non-negative integers. It is easy to verify (see Preston [12] , Ruelle [14] ) that (Ω,S) is isomorphic in a natural way to
We will identify these two measurable spaces throughout. Note that if we express s = s a v s, then the symbol " v " may be interpreted as "union" or, with the product structure of Ω, as "Cartisean product".
We will consider many-body interactions F:Ω F ->( -oo, oo] of the form
v(χ)= ί Σ Φ N (y) (i.4)
JV=2 yCx \y\=N for some potentials φ N . We will assume throughout that Fis ^-measurable, stable, and translation invariant. where β is inverse temperature and Z Λ (s) makes μ Λ ( (5) a probability measure.
We note that 1 ^Z n {s)< 00. We use S to denote both the σ-algebra on Ω and the induced σ-algebra in UCΩ.
We point out that the operators τ Λ as defined above act only on functions on Ω. However, with a slight modification τ Λ can be defined on F(U). Thus to every feF(U) we associate the function g f on Ω defined as follows,
The function τ Λ g f is well defined and for feF{U), we define
Only those potentials Ffor which τ Λ :F(U)-*F(U) for every bounded Borel set ylClR d will be considered from this point on. Conditions guaranteeing this property will be given later.
To simplify notation, let τ^τ^., z = l,2,3,.... As in Gross [6, 7] Observe that ||μj α <oo because 
Since this inequality holds for all ε>0, we get
This completes the proof. Now let σ be a probability measure on Ω with the property (2.3). Then
Since Tf is well defined in this case, it follows that
By (2.2) we can write
It follows from (2.5) and (2.6) that lim (T n /)(0) exists and equals σ(f) for any
contains all bounded cylinder functions on U. Since σ(Ω\U) = 0, a standard argument from measure theory shows that σ is uniquely determined on (Ω, S). This completes the proof. We now state the following modified lemma and theorems in analogy to [6] .
SC for some real number C and
every seU and every integer k^. 1, then
forallf,geL(U).
Theorem 2.2. Let σ be a probability measure on Ω such that o{τ k f) = σ(f) for every bounded S-measurable function f on Ω and every integer /c^l. Assume that the following conditions hold:
for some real number C, all fe^l, and all seU, (2 The proofs of Lemma 2.2, Theorem 2.2 and Theorem 2.3 are similar to the proofs of the corresponding results in [6] with straightforward modifications which follow from the definitions given in the previous section.
Section 3. Bounds
In this section we describe a class of potentials whose Gibbs states satisfy the hypotheses of the theorems of the preceding section in the case of high temperature or low activity.
Much of what follows is based upon inequality (1.18), which for a given potential Fcan be expressed as
where we have abbreviated and will continue to abreviate V b (x\s) for V Λh (x\s\ v b for v Λb , and Z b (s) for Z Λb .
We begin by listing two conditions to which we will refer several times later. 
Before stating Condition 3.2 we make the following definition. 
Proof By the triangle inequality for the metric ρ( , •),
Hence by Condition 3.2. Thus [ j ρ(x, y)μ k (dx\s)} 2 is bounded by a quadratic polynomial
in |x| whose coefficients are decreasing functions of z and β. Since z,β<K,a second application Condition 3.2 now yields (3.10) for some constant C. This completes the proof. In Sect. 1 we restricted our attention to those potentials for which τ Λ :F(U)->F(U), for every bounded Borel set ΛcΉt d . We now give conditions on the potential V so that this is true.
Theorem 3.2. If V has finite range, then τ Λ :F(U)->F(U)for every bounded Borel set
Proof. Let feF(U) and let {f n } be a sequence of cylinder functions in JF( (7) converging uniformly to / Let C m be the hypercube of side 2m centered at the origin in lR Clearly g n is an ^-measurable cylinder function in F(U). By the triangle inequality,
But since Fhas finite range, there exists a positive integer n 0 such that for n^n 0 ,
V Λ (x\s) = V Λ (x\snC n ) for all xeX(Λ)
and seU. Thus for n^n 0 (3.11) becomes and since /"-•/, we have that g n -*τ Λ f. This completes the proof. The proof of the following lemma is based on the proof of the lemma given in Simon [16] . Proof. The proof is identical to the proof of Theorem 3.2 up to inequality (3.11).
Lemma 3.3. Let /lClR d be any bounded Borel set and letfeF(U). If s, te U and {xeX(Λ): V Λ (x\s) <π} = {xeX(Λ): V Λ (x\t) < oo}, then exp(-βV Λ (x\s)) exp(-βV Λ (x\ΐ)) _ ί /(xvS) Z Λ (s) Z Λ (t) \f\Jsup{\V Λ (x\s)-V Λ (x\t)\:xeX(Λ)nU}.
We proceed from there. By the definition of R^ we can choose n so large that
{xeX(Λ):V Λ (x\snC n )<oo} = {xeX(Λ):V Λ {x\s)<oo}.
We can thus apply Lemma 3. 
14)
The proof of the next lemma is similar to the proof of Lemma 3.3.
Lemma 3.5. Let s and t be any two configurations in U. If {xe X(
In By (3.1) and (3.14) and since ρ(s a ,t a )^ί for s fl + ί α , the second sum in (3.21) is less than η for z less than some constant C k . Thus by choosing z<C k and z or β sufficiently small, a<η. This completes the proof.
For the remaining results in this section, V need not be a pair potential. Since ρ(x, 0) ^ 2|x| we can apply Condition 3.2 to get
Combining this with (3.1) gives
This completes the proof. 
With 0 referring to the origin in Έ d , the monotone convergence theorem together with Fatou's lemma and (4. 
and how they are related to the more standard "non-averaged" correlation functions, we refer the reader to Minlos [11] . We make a final observation about the above remark. The condition that φ No is hard-core for some JV 0 ^ 2 can be considered in the following way. The main technical problem in establishing conditions for VeH has been in dealing with the low probability event that some huge number of particles cluster in some small region of space. The methods of proof in this paper do not seem to allow for exploitation of the small probability of this event. However, in dealing with a potential V of the form 
where R o is very small and N o is large. This has the effect of assigning zero probability to the event that N o or more particles accumulate in a spherical region of space of diameter R o . Thus, for example, in dealing with a non-hard-core pair potential V, we could add φ No to Fas defined in (4.4) with JV 0 = 10 23 and R 0 = l angstrom. In this fashion the physically unreasonable event that 10 23 or more particles accumulate in such a small region of space is assigned zero probability, even though any smaller number of particles has some non-zero probability of clustering in any region of space. We could, in this manner, apply the results of this paper to a pair potential VφH, but satisfying Condition 3.2 and parts a) and b) of Condition 3.1. The potential V modified as above is then an element of H. (We point out, however, that some non-hard-core pair potentials are elements of H without such modifications.)
A drawback to this approach is that the larger the number ΛΓ 0 , for a fixed value of R o , the smaller the values of z and β must be (with the present techniques employed in this paper) to guarantee uniqueness of the Gibbs state, and the decay of correlations. This problem should be somewhat mitigated if, in all of the preceding analysis, Z d is replaced by λZ d for some small λ>0, and the function ψ(r) of Condition 3.1 is required to fall of very rapidly (depending on N o and JR 0 ) as r approaches infinity.
